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JOINT UNIDIRECTIONAL MOTION
OF TWO VISCOUS HEAT-CONDUCTING FLUIDS IN A TUBE

V. K. Andreev UDC 532.5.013

This paper studies an invariant solution of the problem of joint motion of two heat-conducting viscous
immiscible fluids which have a common interface in a cylindrical tube under an unsteady pressure
gradient. The problem reduces to a coupled initial-boundary-value problem for parabolic equations.
A priori estimates of velocity and temperature perturbations are obtained. The steady state of the
system is determined, and it is proved that if, in one of the fluids, the pressure gradient rapidly
approaches zero, the perturbations of all quantities tend to zero. It is shown that if the pressure
gradient has a nonzero limit, the solution reaches a steady state. In this case, the velocity field in the
limit is the same as in conjugate Poiseuille flow, and the temperature is represented as a polynomial
of the fourth order on the radial coordinate.
Key words: wviscous heat-conducting fluid, interface, steady-state flow.

1. Basic Equations and Boundary Conditions. As is known, determining the velocity field in unidi-
rectional motion of a viscous fluid in a round tube reduces to solving the linear initial-boundary-value problem for a
parabolic equation [1, 2]. In this case, the solution is found in the form of finite formulas (for example, steady-state
Poiseuille flow) or in the form of series in Bessel functions. In the present paper, we study the coupled initial-
boundary-value problem for unidirectional motion of two viscous heat-conducting fluids with a common interface
in a cylindrical tube under an unsteady pressure gradient. We note that, for the case of plane layers, this problem
was studied in [3].

In the absence of body forces, the system of equations describing axisymmetric motion of viscous heat-
conducting fluids is written in cylindrical coordinates in the form

ug + uty +wu, — v /r = —p./p+v(Au — u/r?),
wy + uw, +ww, = —p,/p + v Aw, (1.1)
ur +u/r +w, =0, 0 + ub, + wh, = x A6.

Here u(r, z,t) and w(r, z, t) are projections of the velocity onto the r and z axes, respectively, p(r, z, t) is the pressure,
0(r, z,t) is the deviation of the temperature from its equilibrium value 6y, v, p, and x are the kinematic viscosity,
density, and thermal diffusivity, respectively, and A = 8%/9r? + r=1 0/0r + 0?/92? is the Laplacian.

System (1.1) admits the one-parameter subgroup of continuous transformations corresponding to the operator
0/0z+ AD/00 — pf(t)0/Op (A is a constant; f(t) € C° is an arbitrary function). The invariant solution should
be sought in the form

u = u(r,t), w = w(r,t), p=—pf(t)z+ D(r, 1), 0=Az+T(rt).
The fourth equation of system (1.1) implies that u(r,t) = ¢(¢)/r with an arbitrary function g(¢) which is

then set equal to zero. Then, from the first equation in (1.1), it follows that D is a function of only time. In view
of the above assumptions, the solution is represented as
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u=0, w = w(r,t), p=—pf(t)z+ D(t), 0=Az+T(rt). (1.2)

We use solution (1.2) to describe unidirectional motion of two viscous heat-conducting fluids in a round
cylindrical tube of radius b. Suppose one of the fluids occupies a region 0 < r < a, |z| < oo and the other occupies a
cylindrical layer a <r <b, |2| < oo; w;(r,t) is the axial velocity (j = 1,2), p; = —p; f;(t)z + D;(t) is the pressure,
and 0; = Ajz + Tj(r,t) is the temperature distribution. Let us assume that the surface tension coefficient on the
interface r = a depends linearly on temperature:

0'(9) = 0g — &1 (0 — 90) (13)

(221 > 0 is a constant).
On the interface, the following conditions are satisfied [4]:

(P, — Pi)n =20Hn + Vro; (1.4)
a0 a0
u; = ug, 01 = 02, k1 Bnl =ky 575' (1~5)

Here
i 0 pjwgy
Pj = 0 —Dj 0
pjwir 0 —p;
is the tension coefficient in the representation of solution (1.2), H is the average curvature of the interface, Vi =

n—n(n-V) is the surface gradient, and k; are the thermal conductivities of the fluids. The equalities n = (1,0,0)
and H = ¢/(2a) imply that, for r = a, relation (1.4) is equivalent to the two relations

do
0z’
The first of these relations is the Laplace formula: the pressure difference on the curvilinear surface
is counterbalanced by capillary forces. The second relation implies that the difference of shear stresses is coun-
terbalanced by the thermocapillary forces due to variation in the surface tension along the interface.

It is easy to show that, for r = a, equalities (1.5) lead to the boundary conditions

g
p2=p1= HoWar — H1W1y = (1.6)

wi(at) = wa(a,t),  Tilat) =Tola,t), 3T18(f’t) ko 87%(;”’ 2 (1.7)
and, in addition,
A=A, = A (1.8)
In turn, in view of (1.2), (1.3), and (1.8) from (1.6) we obtain
fa(t) =pfi(t) = h/(p2a),  h=-=A,  p=pi/p,
(1.9)
Dy(t) = D1(t) + [o0 — &1 (T (a,t) — 6p)]/a;
towsy(a,t) — prwir(a,t) = h. (1.10)
On the solid wall (r = b), we impose the boundary conditions
wa(b,t) =0, Ty(b,t) = 0. (1.11)
On the symmetry axis, boundedness conditions are imposed:
lwi1(0,t)] < oo, |T:(0,t)] < oco. (1.12)
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In view of representation (1.2) of the solutions of system (1.1), the sought functions w;(r,t) and Tj(r,t) are
expressed as:

Wit = f](t) + Vj(wjrr + wjf’/r); (113)

Tje = X (Tjrr + Tjr /1) — Aw. (1.14)

In Eqgs. (1.13) and (1.14) for j = 1, the variable r varies in the range of 0 < r < a, and for j = 2, it varies in the range
a < r < b. Thus, it is required to solve problem (1.13), (1.14) with boundary conditions (1.7) and (1.10)—(1.12) and
the initial conditions

w;(r,0) =0, T;(r,0) = 0. (1.15)

The pressure is found form the formulas p;(r,t) = —p; f;(t)z + D;(t), and the functions f1(t), f2(t), and D (t), and
Dy(t) are linked by equalities (1.9) and, in addition, the functions f1(¢) and D;(t) should be specified.

Remark 1. At ¢t = 0, due to the first initial condition (1.15) boundary condition (1.10) undergoes a
discontinuity of the first kind.

Next, it is assumed that h = 0, i.e., the surface tension does not depend on temperature and motion occurs
only due to the pressure gradient.

2. Steady-State Solution. In the case of steady-state solution, all sought functions do not depend on
time. We denote these functions as w?(r) and TJQ(T). In addition, f(t) = f = const and D;(t) = DY = const. For
1Y = pfY, the steady-state solution of problem (1.13), (1.14), (1.7), (1.10)—(1.12) has the form

0 2 07,2 2
0:f1{b2_2 2(1_7“)} ozflblﬁ(l_r) _ M
wl 4V1 ( a )/’L+a a2 ) wQ 4V1 b2 ) /’L ,LLQ’
2.1)
A,,,.ZfO ,,,.2 ATQPfO ,,,.2 (
0= (@ per-at) - e, T = (- ) G
U™ 16y \“ tubT—at) = )+ O 27 16yqum gy ) TG

where
2 2 2 1 B

0= ) G ) e )] 5[ e )] 8

o, = CHA {az L (0*=a?)p xp(a2 _ bz)}’

+
8x1 L1 1) 2]

N L B CEL D D!

8y 211 1) Vo

X1 k1 H1 P1
X = ) k= ) m= ) p= .

X2 ) 142 P2

3. A Priori Estimate of the Velocity Field. It should be noted that for the specified function fi(t),
the problems for w;, T; (j = 1,2) are solved sequentially [see (1.7)—(1.15)]. The initial-boundary-value problem for
the sought functions w;(r,t) has the form

wie = vi(wipr +wie/r) + f1(t),  0<r<a; (3.1)
war = va(Warr +w2r /T) + pf1(t),  a<r<b (3.2)
wy (r,0) =0,  wa(r,0) = 0; (3.3)

w1 (0, £)] < oo; (3.4)

wa(b,t) = 0; (3.5)

wi(a,t) = wa(a,t),  powar(a,t) — prwiy(a,t) = 0. (3.6)
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Multiplying Eq. (3.1) by p1rw; [or Eq. (3.2) by parws] and integrating the result in parts with respect to r
from zero to a (or from a to b) using the boundedness (3.4) and no-slip (3.5) conditions, we obtain

a a a

01
ot 2 p1 /Tu)f dr = praws (a, t)wrr(a,t) — /war dr + p1f1(¢) /rwl dr; (3.7)
0 0 0
5 b b b
1
ot 9 pg/rwg dr = —psaws(a, t)wey(a,t) — ug/rwgr dr + pfi(t) /rwz dr. (3.8)
Combining Egs. (3.7) and (3.8), we obtain the relation
a b a b
6E+ 2 dr+ 2. dr = () dr + d (3.9)
8t M1 rwq, ar 125) TWqy,. ar = p1f1 rwy ar rws ar |, .
0 a 0 a
where E(t) is the kinetic energy of two layers:
a b
1 2 2
E@t) = o \P1 [ Twi dr + p2 | rwsdr). (3.10)
0 a

Equation (3.9) was derived with boundary conditions (3.6) taken into account.

Equation (3.9) implies the uniqueness of the solution of problem (3.1)—(3.6) because, for fi =0 and fo =0
we obtain E(t) = 0 follows and, hence, w1 = wy = 0.

The expression in brackets on the right of (3.9), admits the upper bound estimate

(/ardr) 1/2(/(17“11)% dr) 1/2—|— (/brdr) 1/2(/b7“w§ dr) i < C1/E(t) (3.11)

0 0 a a
with the constant
B2 _ 2
Clzx/Qmax( “ ,‘/ a), (3.12)
VP /P2
because for nonnegative z and y, we have /z + ,/y < \/2(33 +y).
The solution of problem (3.1)—(3.6) also satisfies the identity
t a t b
2 2 1 2 2 2 1 2
p1 //r[wlt + vy (wlw + . wlr) } dr dt + pg//r[th + v; (wzw + . wgr) ] dr dt
00 0 a
a b t
+ 1 /war dr + peo /rwgr dr = ’021 [a® + p(b* — a?)] /flz(t) dt, (3.13)
0 a 0

which is derived by squaring the equations wj; — vj(wjrr + wj,/r) = f;(t) and their integration with respect to r
and time. Therefore, if the integral

/ff(t) dt = C3 (3.14)
0
converges, we have
a b
2 b2 — a2)C2 2 b2 — a2)C2
/rwi ar< +p(2yl %, /ngr ar < Pl +péu2 a*)C3 (3.15)
0 a

Next, we require the following lemma.
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Lemma 1. The inequality

a b a b
/rw% dr + /Tu)g dr < My (,ul /war dr + ug/rwgr dr) (3.16)
0 a 0 a
holds, where the constant My does not depend on w; and is a solution of the variational problem
a b a b
My = supv K/rv%dr—i—/rv%dr) / (ul/rvfrdr—l—ug/rvgrdr)}.
V1€ 0 a 0 a

The set V is a subspace of W3 (r;0,a) x W (r;a,b), and v1 and vy satisfy the boundary conditions (3.3)—(3.6).
A proof is given in [5]. We denote a1 = b/a, az = \/,ul/,ug, and x = a/v/u1 My Then, My (or, more
precisely, x) is a root of the transcendental equation

Jo ({E) [Jl (agx)Yo (alagx) - JO (alagx)Yl (agﬁ)]

+ asJq (x)[Jo(alagx)Yo (agﬁ) - Jo(agﬁ)YQ(alagﬁ)] =0, (317)

where Jy, and Yy, (k =0, 1) are Bessel functions of the first and second kind. Equation (3.17) has positive roots [5].
Let 29 = zo(a1,az) be the smallest positive root of Eq. (3.17). Then, My = a?/(u122) is the exact value of the
constant in inequality (3.16).

Using inequality (3.16), we obtain the inequality

a b
I /war dr + ug/rwgr dr > 20F, (3.18)
0 a
where
1 1 1
5= min( , ) 3.19
My p1 P2 (8.19)

Equations (3.9)(3.12), (3.18), and (3.19) lead to the inequality dE/dt + 25E < Cip1|f1(t)|VE, from which we
obtain

t
Cfﬂ% 5 Z ot
< T .
B< </|f1(7-)|e ar) e
0

Hence, if the integral

/ ()] dr = Cy (3.20)
0
converges, then,
a b
2,12 ,—26t 21212 25t
/Tw% dr < plClC; ¢ , /ng dr < PiCi 203 ¢ . (3.21)
0 a P2

Remark 2. The convergence of integral (3.20) implies the convergence of integral (3.14).
We investigate the behavior of the function w;(r,t) as t — oo. In view of estimates (3.15) and (3.21)
for wa(r, t), the following inequality is valid:
b

b b
1
w3 (r,t) = ‘ /(w%)r dr‘ < 2/|w2| |way.| dr = 2/ . V1 wa T |way| dr

T a

< z(/brwg dr)1/2(/brwgr dr)1/2 < Cy e_‘st,
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where
Cy = p1C1C2Cs+/ (p/pa)la® + p(b* — a?))/a.
Hence,
lwa(r, )] < \/Cye 02 (3.22)

for any r € [a,b]. However, by similar reasoning, it is impossible to obtain an estimate for |wq(r,t)|. In this case,
from (3.22) and the first equality in (3.6), we have

w1 (a,0)] = |wa(a, )] < V/Cae™/2.
If the function wi (a,t) is considered known, the solution of the initial-boundary-value problem

wig = v1(Wirr + w1 /1) + f1(2), 0<r<a,

wy(r,0) =0, |wi(0,1)] < oo, wi (1, t)

for the function wy(r,t) has the following form [6, p. 74]:

t

21/1 L J. nr/a / 2 (t=7) /a2
E w TR TG
Jl ,un 0 1

t
Jg unr/a,/ _ (t—r)
fi(r)emrmnt=n/a® gr (3.23)
TLJ n

u 1(m)

Here p,, are zeroes of the Bessel functions Jp.
The integrals in (3.23) satisfy the estimates

t
2
}/wl(a ) e Vikn (t=m)/a® dT‘ < 2a V@ (e*5t/2 —e*”l“it/‘f)
’ -2

vip2 —a?d ’
t ) (3.24)
—vp? (t—71)/a? a*N —ot —viplt/a?
‘/fl(T)e 12 (t=7)/ dT‘ < i s (e Y )
0

because, in view of (3.20), we have |f1(¢)| e’ < N (N is a constant).
From (3.23) and (3.24), it follows that

{ e 0t/2, § < 2p3vy Ja?,
lwi(r,t)] < N1 s s (3.25)
e~rnit/a” 5> 212, [a?
Here N; is a constant and p; the first root of the equation Jy(u) = 0 (nondynamic viscosity). We note that the
series in (3.23) converge absolutely in view of inequalities (3.24). Thus, we proved the following theorem.
Theorem 1. If condition (3.20) is satisfied, the solution of the initial-boundary-value problem (3.1)—(3.6)
tends to the zero solution, and estimates (3.22) and (3.25) are valid, which are uniform in the intervals [a,b] and
[0, al.
In other words, if the pressure gradient in one of the fluids rapidly approaches zero, there is deceleration of
the fluids due to viscous friction [see (3.22) and (3.25)].
4. Solution Using the Laplace Transform. We set

o0

w;(r,p) = /wj(r, t)e Pt dt. (4.1)

0
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Then, problem (3.1)—(3.6) reduces to the boundary-value problem for the ordinary differential equations

Wipr + W1, /7 — piin /11 = —fi(p) /11, 0<r<a,
- 4.2
Wapy + War /1 — P2 /v2 = —pf1(p)/va, a<r<b; 42
w1 (a,p) = @2(0“719)7 Wa (bvp) =0; (43)
{122, (a,p) = p1rr(a, ). (4.4)
In view of the inequalities |w; (0, p)| < oo, the general solutions of Egs. (4.2) have the form
w1 = C1lo(\/p/var) + f1(p) /s (4.5)
@ = Colo(v/p/var) + CaKo(\/p/var) + f2(p)/p. (4.6)
From boundary conditions (4.3) and (4.4), we have
F —p  Io(z)  Ko(2)
Ci="\|p=1 ~Dly) —Ko(y) |; (4.7)
p
0 —Lly) Kiy)
7 0 —p  Ko(2)
Co= A D) o1 Koy | (4.8)
phi(x)/vv 0 Ki(y)
f 0 IO(Z) P
Ca= A| Do) —loy) p=1|; (4.9)
ph(z)/vv —h(y) 0
0 IQ(Z) KQ(Z)
A= Io(z) —Io(y) —Ko(y) |, (4.10)
ph(z)/vv —hiy)  Ki(y)

where = p1/pa, v =11 /12, T = a\/p/ul, Yy = a\/p/l/g, z = b\/p/l/g, and I; and K are Bessel functions of the
first and third kind of an imaginary argument.

Using the explicit formulas (4.5)—-(4.10), it is possible to show that tlim w;(r,t) = 1imop1bj (r,p) = w(r),
—00 p—
0

J
where w(r) is the steady-state velocity field defined in (2.1). Indeed, since for small ¢, the representations o(t) ~
1+t2/4, Ko(t) ~ —Int/2, and I1(t) ~ t/2 + t3/16, K1(t) ~ 1/t + (tInt)/2 are valid, we have

22+ 22 y? a1
A(p)w—(1+ FRE (p—l)lnb) (4.11)
as p — 0. Then, from (4.7)—(4.11) after a series of transformations, we obtain
Cr~ =l + (py? = p2® —a®)/4lfp, Co~ —pfi(1—=2"/4)/p,
(4.12)

Oy ~ —pfiy’le® + (p — 1)2° — py®]/(8p).
As p — 0, Egs. (4.5) and (4.12) lead to the expression

pi1(r,p) ~ —fi[l + (p(y® — 2%) — 2°) /4][1L + pr®/ (401)] + fo

= pfi@)la® —r* + p(V? — a®)]/ () = fla® = + p(® — a®)]/ (),
which coincides with the first expression for w?(r) in (2.1). Similarly, we can show that tlim wa(r,t) =

lim pws(r,p) = w) (r).
p—0
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5. Determining the Flow Rate or Pressure Gradient. The fluid flux flowing through the cross section
in unit time is equal to

a b
Q1(t) = 277/7"101 (r,t)dr, Q2(t) = 277/7“11)2(7", t) dr. (5.1)
0 a
In the case of the steady-state solution (2.1), we have
QY = ma' fY[1/24 (0°/a® = )l /(4v1),  p=p/pa; (5.2)
Q5 = mpr f1(6? — a*)?/(8piz)- (5.3)

The ratio of the flow rates Q¢ and QY is equal to
QY _ 4f1/2+4 u(b*/a® — 1)
Q3 p(b?/a®—1)
Thus, for b/a = 1.1 and p = 0.1, the flow rate QY is approximately 500 times larger than the flow rate Q3.

If the flow rate of the first fluid Q1(¢) is specified, it is possible to find the function Ql(p). At the same time,
from the first formula in (5.2) and from (4.5), (4.7), and (4.10), we obtain

A _ f ~ _ fl (p)a® V1 p
Qi(p) = ZﬁO/rwl(r,p) dr = 2#[ 2 + 4 ) Il( " a)] (5.4)
Using the known function Q;(p), from (5.4) we obtain fi(p) and from the formula
1 4100
h) =, [ A
i
l—i00

we restore the original. Since f2(t) = pfi1(t), for the specified Q1(t), the velocity fields and pressure gradients in the
layers are completely determined. In other words, in this case, it is also possible to solve the inverse problem: using
the specified function @1 (¢), to find three functions wi(r,t), wa(r,t), and f1(t) which satisfy the initial-boundary-
value problem (3.1)—(3.6) and the first integral condition in (5.1).

6. Determining Temperature Perturbations in the Layers. The initial-boundary-value problem for
the functions Tj(r,t) has the form

Tit = x1(Thrr + Thy /7)) — Awy (1, 1), 0<r<a,
Top = x2(Torr + Tor /1) — Awa(r, 1), a<r<b,
T1(a,t) = Tx(a,t), k111 (a,t) = kT, (a,t), (6.1)
Tr(b,t) =0,  [T1(0,1)] < oo,

Tl(T, O) = 0, TQ(’I“, 0) =0.

We note that problem (6.1) coincides with problem (3.1)—(3.6) if we make the change w; <« Tj, f; < —Awj,
vj < x;, and p; < k;. In addition, it is necessary to take into account that k; = x;p;c; (¢; are the specific heat
capacities). Therefore, introducing the notation

a b
1 1
Ei(t) = 5 P1CL /rTf(r, t)dr + o P2C2 /TTZZ(T, t)dr, (6.2)
0 a
we obtain an equality similar to (3.9)
a b a b
I 2 2
5t + k| rT dr+ ke | rTs.dr = —A(plcl rwi Ty dr + paco | rwaTh dr). (6.3)
0 a 0 a
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According to Lemma 1, we have

a b
ky / rTZ dr + ko / rT3 dr > 26, E1, (6.4)
0 a
where
1 . 1 1 1 . Xl XQ
01 = mln( , ) = Imn( , ) 6.5
T M pic1 paca My k1" ko (6.5)
The expression in brackets on the right of (6.3) admits the upper-bound estimate
a b a a b b
1/2 1/2
‘plcl/rwlTl dr—l—pgcg/rngg dr} < plcl(/rw% dr) (/rT1 dr —|—p202 /rw dr /T‘T22 dr)
0 a 0 0
a b
1/2 1/2
< 2max [( / rw? dr /rw dr max (\/plcl v/ p2c2 ) VEL(t). (6.6)
0
In view of (3.21), from (6.3)—(6.6) we obtain
E
882: + 261 F1 < C5 \/El eiét, (67)
where

Cs = /21 CrCal Al max (1, p) max (Vka /s Vb2 ).

Since F1(0) = 0, integrating inequality (6.7), we find the estimate E;(t):

CQ t2 e726t7 51 _ 5’
Ei(t)< ) 2 (6.8)
L (e —et) S0 -0 8 #£6
Then, Eqgs. (6.2) and (6.8) lead to
a 2 b 2
/ irdr < 2N E() / 1T dr < 22 i), (6.9)
1 2

0 a

therefore, the squares of the Lo-norms with the weight r of the functions 77 (r, t) and, T5(r,t) tend exponentially to
zero as t — oo if equality (3.20) is satisfied.
In the case of problem (6.1), an identity similar to (3.13) holds:

t a ‘b
1 2
P101// T1t+X1 (Tlrr+ Tlr) drdt—i—pgcz//r[T§t+X§(TQTT+ . T2r) ]drdt
0

a

a b t a t b
+ k1 /rler dr + ko /rTQQT dr = pic1 //rw% dr dt + paco //rwg dr dt). (6.10)
0 a 0 0 a
From this and from estimates (3.21), we obtain the inequalities
a b
/T‘Tfr dr < CG, /T‘T22T dr < CG, (6.11)
) k1 J ko

where

Cs = A’CTC3p1(k1/x1 + pka/x2)/ (45).
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From (6.9)-(6.11), by analogy with estimate (3.22), we obtain

| To(r, )] < V/Cr (Br(8)V*, Cr= (2/a)\/2><206/k§- (6.12)

To estimate |T3(r,t)|, r € [0, a], we proceed in the same way as in Sec. 3. The function 77 (r,t) is a solution
of the initial-boundary-value problem

T = x1(Thrr + T /1) — Awi (1, 1), 0<r<a,

(6.13)
Ty (r,0) =0, |T1(0,t)] < oo, T1(a,t) = Ts(a,t),

and, according to estimate (6.12), we have
Tu(a,t)] < /Cr (Er(t)/*. (6.14)

The solution of problem (6.13) [6, p. 74] has the form
t

2X1 Z pinJo( Nnr/a /Tl (a,7)e =Xy (t=7)/a® 4o

Jl ,un
0
24 = Jo (i
- ol r/a) //wl (&, 7)ETo (pin& Ja) e~ X1#n (=)0 ge i (6.15)
a n=1 J ,LLn
We introduce the notation
a=x1pl/a* —5/2. (6.16)
According to (6.8) and (6.14),
t
/\/T e“” dr, 51 =6,
0

t
= ‘/Tl(G,’T) e*XlHi(t*T)/a2 dT‘ < \/05207 e*Xlﬂit/a2

0

t
wf a/ﬁ—égmwmd”m, 51 # 6.
.
0

The first integral, obviously, does not exceed the value of the expression a~'t'/2(e®* —1). For the second integral,
we obtain the upper-bound estimate

; t
ot -1
/|1_e(5—51)7'|1/2ea7- dr < (e )/Oé, 5<51,
0 (ealt _1)/01, 0> 51,
where

= xaps/a® = 61/2. (6.17)

For § > &y, we use the inequality (e(®%1)7 —1)1/2 < e(®=9)7/2 was used. In view of the notation (6.16) and (6.17)
and the obtained estimates, we have the inequality

tl/z(e—ét/z _ e—xmit/az)/a, 8 =0,
C15CY7 —6t/2 — 2iE/a2
L < ) (e —e Xt t/0T) [y /61 — §), o1 >4, (6.18)
(6—611&/2_e*X1Mit/a2)/(a1\/|§l —4), 01 < 0.

Let us estimate the integral

- ‘//wl 7VETo (€ /a) e X1 Hnt=7)/a" ge qr|.
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Using (3.25) and the inequality |.Jo(z)| < 1, we obtain

Lo aN [ e —eTxt/a%) fa, 6 < 2np/a?,
2 <
2 (e*VlM%/a2 _e*Xlﬂit/a2)/a27 o> 2V1M%/CL2,

where ag = 12 /a? — viu?/a®.
Let us return to the estimate of series (6.15). Since p, > py for n > 1, on the right of inequalities (6.18),
(6.19) we can set n = 1. Then, a constant No > 0 exists such that

Ty(r,t)] < Not'/2 e %", (6.20)

(6.19)

and the choice of the constant d; depends on the relations among &, d1, x145/a?, and v1pu3/a? [see inequalities
(6.18) and (6.19)]. In inequality (6.20), the multiplier t'/2 appears only if §; = 6. Thus, we proved the following
theorem.
Theorem 2. If condition (3.20) is satisfied, the solution of the initial-boundary-value problem (6.1) tends
to the zero solution, and estimates (6.12) and (6.20), are valid which are uniform in the intervals [a,b] and [0, a].
Applying a Laplace transform to problem (6.1) reduces it to the boundary-value problem for the ordinary
differential equations

Tlrr—FTlr/T—pTl/Xl=AlD1/X1, 0<r<a,

R _ _ 3 (6.21)

T2TT+T2r/r_pT2/X2:Aw2/X2a a<r<b;
To(b,p) =0,  [T1(0,p)| < oo,

) ~ ~ ~ (6.22)
T (a,p) = Ta(a, p), kT1-(a,p) = Tor(a,p), k= ki/ko.

Here w1 (1, p) and wa(r, p) are determined from formulas (4.5)—(4.10). The general solutions of Eqs. (6.21) have the

form
_ B D Afl(p) ACy p
Ti(r,p) = leo(\/xl 7") - p? B px1(1/x1 —1/v1) IO(\/M T)’

To(r,p) = DQIO(\/;; 7’) n DgKO(\/ P 7’) _AP) (6.23)

X2 p?

AC, AC
©opxa(1/x2 — 1/wa) IO(\/Z T) ©opxe(1/x2 . 1/v2) KO(\/IZ T)

for 11 # x1, and vy # X2, i.e., the Prandtl numbers of the fluids are not equal to unity. From boundary condi-
tions (6.22), we obtain D1, D2, and Ds:

) H, —Io(y1) —Ko(y1)
D1: Al HQ I()(Zl) K()(Zl) ,
Hs —/p/xali(n) /p/x2K1(y1)
) Io(x1) H, —Ko(y1)
D2= Al 0 H2 Ko(Zl) s (6.24)
kyv/p/x11i(x1) Hs /p/x2 Ki(y1)
) Ip(x1) —Io(y1) H,
Dg:Al 0 Iy(z1) Hy |,
kv/p/xihi(z1)  —+/p/x2hi(y1) H
Io(x1) —Io(y1) —Ko(y1)
A = 0 IO(Zl) KO(Zl) )

kv/p/x11i(z1) —/p/x2Li(y1) /p/x2Ki(y1)
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where 21 = a\/p/x1, y1 = a\/p/x2, and z1 = b\/p/x2,
_A(fi(p) - fa(p)) AC p
o = U 2W)) L ) 0(\/ a)

p? px1(1/x1 — 1/ V1

- pr(l/i?— 1/v2) I‘W p “) N pr(l/ifB— 1/v2) K"(\/ p C‘)’

Af2( ) ACy AC
- pzp px2(1/x2 — 1/v2) IO(\/VP; b) + px2(1/x2 3_ 1/) KO(\/:; b), (6.25)

H,
kAC,
s = vexi(l/x1 —1/v)y/m Il(\/V]i a)

AC, AC
CVpxe(l/x2 — 1/m) /v h (\/i a) T re/x - 1/v2) /v a (\/i a)'

If 11 = x1 and vo = X2, solution (6.23) is written as

. B p Afi(p) ACir p
Ti(r.p) = Dl]o(\/yl ) - P apma Il(\/Vl ')

- Af. AC: AC:
TQ(T,p):DQI()(\/p T)+D3K0(\/p 7‘)— f22(p)—|— 2" Il(\/p 7‘)— 3" Kl(\/p 7‘).
%) 2] p 2\/p/ug X2 2] 2\/p/ug X2 %)
We show that
lim ij (Tv p) = TJQ(T)v
p—0
if liII(lJ pfi(p) = f9, where T7(r) is the steady-state solution (2.1) for temperature perturbations.
p—>

We perform the corresponding transformations for Ty (r,p). Because as t — 0, we have Iy(t) = 1 + t2/4 +
t1/64 4+ O(t%), it follows that
2 2

pTl(Tvp)Nle(1+ Pogzy P 4)—Afl ACH (1+ P2y P 4)

4y 64x3 " p  1- X1/v1 41y 64v? "
Af AC 2D AC 3D ACH p?
— D, — i 1 (p 1 1P )r2 (p o 1P )r4 (6.26)
D 1—x1/n1 4x1 4y (1 — x1/11) 64x7  64v7(1 — x1/11)

as p — 0. Hence, it is necessary to investigate the behavior of the functions H;, Hs, and Hs in (6.25) and D1
in (6.24) as p — 0.
Using the asymptotic representations (4.12) for p — 0, we obtain

H, ~ Afl ( pX2 X1 (xov1 — XlVQ)P(yQ - 22)
P2 \tro—x2 11 —Xx1 4(v1 — x1)(v2 — x2)
2
pr2y 2 2 2
— ¢+ (p—1)z° — Iny),
S(va — x2) [2° + (p— 1)z" — py”] y)
Aﬂf1X2 vy (2t 2.2 2 2
H2N_p2(1/2—x2) [1— 5 (2 +yi(z”+ (p—1)z" — py )lnzﬂ, (6.27)

Afiyn k ) k z? s 5
Hjz ~ - + + +p(z° —
° 2p\/p { vi—x1 Y2—x2 4v1—-x1) ( 2 o y ))
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From (6.24), we have
1

Aqi(p) ~ u

HAA | (1— k)ln “] (6.28)

1
[ + 4 + 2 X b
To calculate the coefficient for 74 in (6.26), it is sufficient to use only the first terms of the expansion in all

formulas (6.27). Indeed, using (4.12), (6.27) and (6.28), (6.24), we have

Af Af Af;
Dy ~ J;l ( X2 xa ) B J;l o fixa ; (6.20)
p? \re—x2 vi—x1 p? Ve — X2 p?(v1 — x1)
therefore,
p*Dy _ AC,p? N pAf ( _ 1 n 1 ) _ pAfi
64x7  64v7(1 — x1/v1) 64 xi(v1—x1) v —x1) 64x1v1

For p — 0, the last expression is the coefficient at r% in formula (2.1) for TP (r).
For p — 0, let us find the limit of the coefficient at 7? in formula (6.26). We note that in (6.26), the terms
of the zero order in p are mutually cancelled. Then, from (6.26), (4.12), and (6.29), we obtain
p’Di  pACy  pPPAfia PAfi
da Am-x1) apP(n—xa) o Ap(n —xa)

Consequently, in all expansions, it is necessary to keep terms of the order 3, 37, and 23 (j = 1,2) that correspond

=0.

to the order p. As a result, we obtain the required expression pfi (p). Using relations (4.12) for Cy, Cs, and Cs,
relations (6.27) for Hy, Ho, and H3, expression (6.29) for Dy, and relation (6.28), we obtain

2D, pACY pAfl(p){ pX2 (aQ a? . ¥ b2) L ox (aQ 0,2):| _ Apfi(p) (6 + u(B? — a?)]
Vg — X2 \V2 X2 X2 2 V1 — X1 16v1x1

dx1 4 —xa) 16x1

X1 14!

as p — 0. As p — 0, this expression is the coefficient at r? in (6.26).
Using the asymptotic relations (6.27) for p — 0, the free term in (6.26) is expressed as

Afi  AnG N a4ffA{ B 3ux(b)4
p v —x1  3Vixi 8 \a

T R A R e | P R GRS | B

which coincides with the expression for the constant C; in formula (2.1) for T7(r).
To study the behavior of the velocities w;(r,t) and temperature perturbations T} (r,t) for an arbitrary spec-
ified pressure gradient fi(t), it is necessary to employ the numerical method of inversion of the Laplace transform.
This work was supported by the Russian Foundation for Basic Research (Grant No. 08-01-00762) and
Interdisciplinary Integration Project of the Siberian Division of the Russian Academy of Science No. 65.
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